We propose and study a mathematical model that qualitatively reproduces several ancient ornamental designs than one can see in historical museums of Crete and Athens. The designs contain several rings that circumscribe a fixed number of "flowers" (centers or spirals), specific to each design.
Introduction

The model as an equation with complex variable
Clear patterns exist in ancient ornamental designs, such as the ones that one can see in historical museums of Crete and Athens (see examples in Appendix 3). The designs contain bands of different but fixed numbers of "flowers" (mathematically, centroids or spirals), "spider nets" and various types of cycles up to "stars" (see below the definitions). Boundaries of the bands may be smooth or star-shaped curves; the bands are "connected" by smooth lines. These designs reminded us of some phase portraits of quasi-Hamiltonian dynamical systems, invariant under rotations by the specific angles π/n with integer (see Appendix 3, Figures 2,3,5 ).
The aim of this paper is to find the simplest mathematical model that can describe key features of these ornaments. To this end, we consider the equation proposed by V. Arnold for analysis the problem "Loss of stability of self-sustained oscillations" (see [2] , [3] and references therein). Originally, Equation (1.1) was constructed for describing the loss of stability of self-oscillations in maps; Equation (1.1) is an approximation of maps under "strong resonance" if n=1,2,3,4 and "weak resonance" if n Cases for were studied in [2] [3] [4] [5] [6] [7] [8] [9] (and discussed in many other works (see for example [10] ) using both analytical and numerical methods of bifurcation theory.
To the best of our knowledge, cases of are still not investigated completely.
kinds of phase behaviors depending on whether n is even or odd. We analyze the role of parameters B and for even or odd s in the genesis of patterns and repeated designs for different n.
Phase portraits of the equation with n 4 have patterns that mimic the qualitative features of some of Greek ornamental designs. Figures of Appendix 2 show several phase portraits of Equation (1.1) for different n; all of these portraits contain some of the four main types of annular patterns observed in Greek ornamental designs.
Definitions (see Figure 1.1)
 "n-cycle" is a separatrix limit cycle composed of n saddles "connected" by their separatrices; we call it an "n-star" if it is not convex and "convex n-cycle" otherwise; and five peripheral equilibria; the peripheral equilibria compose one "5-flower ring" bounded by 2 separatrix cycles; any two neighboring saddles contain "spider-nets".
Some properties of the model
2.1.The equation in different coordinate systems
In order to analyze Equation (1.1), it is convenient to cast it in both polar and the Descartes coordinates.
In polar coordinates , Equation (1.1) becomes the following System:
In coordinates Equation (1.1) becomes the following System: This differential equation serves as an approximation of the Poincaré map, which was applied to analysis of loss of stability of a closed orbit (limit cycle) [1, 10] . Let us recall some important properties of Equation (2.6).
In polar coordinates, Equation (2.6) becomes The point such that is called a "quasi-equilibrium" of (2.7).
Quasi-equilibria are always composed of a circle with radius such that ; we call to this circle a quasi-equilibrium cycle. In the vicinity of every quasi-equilibrium the orbits of the system change direction of rotation (see Figure 2 .1). Taking into consideration that limit cycles of (2.7) correspond to the roots of polynomial , and quasi-equilibrium cycles correspond to the roots of polynomial and applying the Descartes' Rule of Signs ("The number of positive roots of the polynomial is either equal to the number of sign differences between consecutive nonzero coefficients, or is less than it by an even number") we prove the following statement: . Figure. 2.1. Quasi-equilibria of System (2.9), with n=5, .
Equilibrium O is "weakly unstable" in all three panels. quasi-equilibrium point as appearance of peripheral equilibria for ; c: appearance of a limit cycle and peripheral equilibria for .
Let us study the role of the term ̅ in equation (1.1). In Descartes coordinates it becomes in the 1 st equation of System (2.4), and in the 2 nd equation of (2.4).
Here, are polynomials of (n-1)-th power, and
. In polar coordinates, this term corresponds to in the first equation of System (2.3) and to in the second equation of (2.3). We show below that these terms are responsible for appearance of "peripheral" equilibria , where
, k=0,…n-1.
Hamiltonian model
Hamiltonian
It is known [1] that a system in the Descartes' coordinates is Hamiltonian if its divergence vanishes. The divergence of Equation (1.1) taken in form (2.4)
Then the following statement is true:
Proposition 2. If conditions (3.1) hold, then Equation (1.1) is Hamiltonian and can be written in polar coordinates in the form
where h is an arbitrary constant.
In (x, y)-coordinates, Equation (1.1) as given in the form of System (2.4), becomes
where
, and h is an arbitrary constant.
System (3H) has equilibrium and can have "peripheral" equilibria , whose coordinates satisfy the system
The first Equation of (3.4) defines 2n rays , where The number and characteristics of equilibria essentially depends on whether is odd or even. In order to study model behavior as , it is useful to consider the system on the Poincaré sphere (see for example [1] ∑ .
Let be a "peripheral" equilibrium of (3.7). Then its -coordinate is given by (3.5 ), and coordinate is a positive root of even polynomials ,
Each polynomial can have from 0 up to positive roots.
Consider even polynomial ∑ that differs from polynomials only by the last coefficient Polynomial has no more than positive roots. 
3.3.The Hamiltonian as a generalized Lyapunov function
A derivative of Hamiltonian function (3.3) with respect to system (2.3) is
where is a small positive number and Thus, for small enough coefficients , the model can be considered as a small perturbation of the Hamiltonian one that keeps its main properties.
On general model
Finite equilibria
In the general (non-Hamiltonian) case, the (x,y)-coordinates of equilibria are defined by the system one can find r-coordinates of multiple equilibrium points of the model and then, using one of equations (4.2), find the corresponding equilibrium value of Notice now that generally in non-Hamiltonian case, equilibria can be saddles, stable and unstable nodes/spirals.
In practical computations, it is more convenient to search peripheral equilibrium points in a neighborhood of quasi-equilibria described in s.2.3. 1
Model (1.1) can have limit cycles (see also 2.3). It was shown in [4, 5, 8, 9 ] that equilibrium points of general (non-Hamiltonian) system (1.1) as n=4 can appeared outside, inside and on a limit cycle. In [4, 5, 8, 9 ] the sequences of bifurcations of co-dimension 1 that are realized in the system under variation of parameters have been found.
Notice that we observed similar behaviors for general non-Hamiltonian model (1.1) as n=5, n=6 (see Fig.A2 .7, A2.8).
Stability of equilibria
In a neighborhood of peripheral equilibrium point, the Jacobian matrix is unstable. Domains of repelling of all spirals are divided by separatrices (see Figure A2 .7, A2.8). Figure 3 .1a,b) Proof of this Proposition is given in Appendix 1.
Equilibria at infinity (see
Discussion
In this work, we studied complex Equation (1.1) We constructed and described the phase-parameter portraits of Equation (1.1) as "perturbations"
of phase-parameter portraits of its Hamiltonian version. The value of n (odd or even) as well as coefficients B and serve as the main bifurcation parameters. The structures of portraits essentially depend on these parameters.
We denoted the principle characteristics of considered portraits, which we referred to as "flower rings"; by definition, "n-flower ring" is a pattern consisting of n centroids and n saddles together with their separatrices; each center is placed inside the "leaf" composed by a separatrix cycle or separatrix loop (see Figure 1 .1 ).
We showed that the number s of flower rings in the model (1.1) is if n is even and if n is odd. We described also the possible sequences of appearance and disappearance of flower rings in the model under variations of various parameters.
We compared the qualitative structures in the obtained portraits with key features of the ancient ornamental designs that one can see in historical museums of Crete and Athens. On our opinion, some of phase portraits of the model and the ornamental designs have many common characteristics. For this reason, one can consider the Equation (1.1) as a kind of mathematical "blueprint" for these ornaments.
The ornaments are characterized by rings containing a certain number of points connected by spiral-like lines. A remarkable property of these ornaments is the "dynamical indeterminacy", known in the theory of dynamical systems: a small change in the initial conditions of the "starting point", the lines lead to different points, and so one can visit all points of the ornament with a very small shift of a trajectory point. This peculiarity reminded us the phase-parametric portrait of known "weak resonance" complex differential Equation (1.1) proposed by V. Arnold.
We found main patterns of the phase portraits of this equation; some of them are similar to the ornaments, but the portraits may also contain other patterns that appear with parameter variation.
Together with "spiral-like" lines and patterns, the ornaments may have patterns composed of closed cycles around centers. Such kinds of patterns usually arise in a Hamiltonian system. Next, the largest root of polynomials also corresponds to a saddle because the number k is odd; together with their separatrices the saddles j=0….n-1 also compose separatrix cycle in -plane.
We have proven that the system has at most separatrix cycles containing n saddles and at most flower-rings containing n peripheral centers. 
Proof of Proposition 5
In this case ∑ . After substitution we get even polynomials of the form
Each of even polynomial has at most real positive roots. So, common number positive roots is at most The equilibrium is the center in the system, so the "closest" According to this lemma we consider system (2.3) in ( coordinates. Changing independent variable: we get the system:
The equator of Poincare sphere is defined by .
For odd system (A.4) can be written as
where are polynomials such that .
Thus, equilibria in the equator are , where satisfy to the equation , i.e.
. Notice, that ( ) for two neighboring Jacobian of the considering system = ( ) ( )
Thus, one of these points is a stable node, and another is unstable node. The first statement is proven.
If is even, then system (A.4) in the Poincare` sphere equators can be written in the form It is easily to verify that in the second case the equator does not contain equilibria, and in the first case equilibria are alternated stable and unstable nodes. Indeed, =(
.
Statements are proven.
Corollary. Both statements of the Proposition are true also for Hamiltonian systems (4H). Thus, Propositions 4 and 6 are also proven. 
